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[ PHAN A. GIAI TICH ]

CHUONG I. NGUYEN HAM - TiCH PHAN VA UNG DUNG

Muc tiéu

Sau khi nghién ciru xong chwong nay, hoc sinh cd thé:
- Hiéu dwoc cdc kién thirc co ban vé phwong trinh mil va phirong trinh logarit; bat phirong
trinh mii va bdt phirong trinh logarit; nguyén ham; tich phdn; g dung cia tich phan trong
hinh hoc.
- Trinh bay dwoc cdc dang bai tdp vé phirong trinh mii va phwong trinh logarit; bdt phwong
trinh mil va bat phwong trinh logarit; nguyén ham; tich phan; g dung cua tich phan trong
hinh hoc.
- Mo ta dwoccdc ung dung cua tich phdn trong hinh hoc.
- Ap dung dwoc vao cdc bai todn cu thé vé phirong trinh mii va phwong trinh logarit; bdt
phuwrong trinh mii va bat phwong trinh logarit; nguyén ham; tich phan; vmg dung ciia tich
phan trong hinh hoc.

BAI 1. PHUONG TRINH MU VA PHUONG TRINH LOGARIT

1. Phwong trinh mii

1.1. Phwong trinh mii can ban
Phuong trinh mii cin ban c6 dang: [a*=b (a>0, a%1) (1)]
Véi b <0, ta c6 phuong trinh (1) v6 nghiém;

Vi b> 0; ta c6 phuong trinh (1) ¢6 nghiém duy nhat: x =log,b.

1.2. Cach glal mot so phu’o’ng trinh mii don giin
1.2.1. Pua vé cing co sd a*=af s a=
Vidu 1: Giai phuong trinh

9X+1 — 27X—2
P (32)x+1 — (33)x—2
o 32X+2 — 33X—6
&2x+2 = 3x—6
<&x = 8
Vay phuong trinh c¢6 nghiém duy nhit x = 8
1.2.2. Phwong phap dit 4n phu: | ditt = a®
Vidu 2: Giai phuong trinh
32x72 4 2,31 -3 =0 (D
32D $2.3%1 —3=0
S@xH2 4231 -3=0 (2

bit:t=3%1 (t > 0)
Qe W2 +2t—-3=0
=> t = 1 (nhan) vt = 3 (nhan)
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Véit = 13¥1=131=3<sx-1=0ox=1
Véit=331=331=3cx-1=1ex = 2
Vay phuong trinh (1) ¢6 2 nghiém x = 1 hodc x = 2.
1.2.3. Phwong phap logarit héa: u>0, v >0 thilog,u=log,veu=v
Vi du 3: Giai phuong trinh  3*'.2* = 4*2
31 2% = 42 o 1ogy(341.2Y) = logy(47)

& 10g,(3") + 10g2(2") = log»(4™%)

&(x—1) logy3 + x.logy2 = (x — 2)logy4

Sx—1)log3+x=(x-2)2

& (log,3 —1x=logy3 -4

oo log,3-4 _log,3-log, 16 _ log 16

- log,3-1 log,3-log,2

Vay phuong trinh ¢6 mot nghiém duy nhét x= log, %
2

2. Phwong trinh 16garit
2.1. Phwong trinh légarit cin ban: | log.x=m < x=a" (m € R)

Vidud:logx=3<x=2"=8
2.2. Cach gidgi mét s6 phuwong trinh logarit don gidn

2.2.1. Pwa vé cling co sé: u>0,v>0thilogu=1log,v&u=v

Vi du 5: Giai phuong trinh  log,x” = logs(-x + 2)
Pibukién: —x +2>0 vax #0 < x<2vax#0
log4x2 =log)(—x +2) &logyx =logy(-x+2) & x=—x+2
& 2x =2
< x=1 (nhan)
Vay phuong trinh ¢6 mot nghiém duy nhit x = 1.
2.2.2. Phwong phap dit 4n phu
Vi du 6: Giai phuong trinh
6 4

1+10g2X+210g2X:

Diéu kién: x > 0;x # 1;x¢%
biatt=log, x;t# 0;t # —1

& 12t + 4 + 4t = 6t + 6t2
S 6t2—-10t—4=0



t=2
= 1
t=-3

Véit=2=log,x=2x=4
e 1 _ 1 I _ 1
Vcnt——;@logz)(— 3<:)X—2 3EX =

Vay phuong trinh ¢6 nghiém: x=4 hodc x= %

BAI TAP
1. Giai c4c phuong trinh sau day
2 2x+1 8 X
25 =)
1 2x?
b) @ = (5)
c)2x*t1 4 2x1 4 2% =28
d)64* —8*—-56=0
€)3.4% — 2.6% = 9%
2. Giai cac phuong trinh sau day
a/log;(5x + 3) = log;(7x + 5)
b/ log(x — 1) —log(2x — 11) = log 2
c/log,(x —5) + log,(x+2) =3
d/ log(x? — 6x + 7) = log(x — 3)
e/logy, 1 4=1+logy(x—1)

f/logzx +logs(x+2) =1
g/log,(x —5) —log,x =3
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BAI 2. BAT PHUONG TRINH MU VA BAT PHUONG TRINH LOGARIT

1. Bz“:lt phwong trinh mi
1.1.  Bat Phwong trinh mii co ban
Bat Phuong trinh mii co ban dang : a* > b; (a>0vaa # 1)hoaca*<b; a*<b; a*>b
Luu y cong thic:
Néua>1thia® >a" < m>n
Néu0<a<1lthia®>a" e m<n
1.2.  Mdt sé bat phwong trinh mii don gidn
Tuong tu nhu phuong phuong trinh mii don gian thi bat phuong trinh mii ¢6 cdc dang
bat phuong trinh mil don gian va c6 phuong phép giai bat phuong trinh mii nhu sau:
C6 thé dung mot trong cdc phuong phdp sau day
- Pua vé cling mot co sb
- Phuong phép dit 4n phu
- Phuong phép logarit héa
Vidu 1:
a) Giai bt phuong trinh 2** > 0,25
s 3% 5 92
& 3x-4>-2 @x>§

Vay tap nghiém ctia bpt Ia: S= (5; +0).
b) Giai bat phuong trinh : 4*—-3.2%+2>0 (1)
< (2% =3.242>0(2)
bat t=2*>0,(t>0)
Qet?—-3t+2>0=t<1lhoict>2

Voio<t<1eo0<<2*<l1ox< 0 xe(—x;0)
Voit>2 2 >2o x> 1 © xe(1;+x)
Vay tap nghiém cua bat phuong trinh (1) la: S= (—0;0) U (1; +)
2. Bat phwong trinh logarit
2.1. Bat Phuwong trinh lgarit co ban

BAt Phuong trinh 16garit co ban dang : log,x >b; (a>0vaa# 1)

hodc log,x < b; log,x = b; log,x<b
Luu y cong thiec:
Néua>1:logb>logceb>c
Néu0<a<l : lorgab >log.c & b<c
2.2. Mgét so bat phwong trinh logarit don gian

Tuong tu nhu phuong phuong trinh 16garit don gian thi bat phuong trinh 16garit 6
céc dang bat phuong trinh 16garit don gian va c6 phuong phap giai bat phwong trinh 16garit
nhu sau. C6 thé diing mot trong céc phuwong phép sau diy

- Pua vé cling mot co sb
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- Phuong phép dit 4n phu
- Phuong phdp mii hoa
Vidu 2:
a) Giai bat phuong trinh log s(5x + 10) < logg s(x? + 6x + 8).
Pidu kign: { X+ 10> 0 { x> 2
2 +6x+8>0 X < —4 hoacx > —2
Do co 6 0,5 bé hon 1 nén bat phuong trinh twong duong
5x+ 10 > x* + 6x+ 8
SxP+x-2<0
= —-2<x<1
Vay tap nghiém cua bat phuong trinh 1a: S = (=2; 1)
b) Giai bat phuong trinh logps(1 — 2x) > 1
Piu kign: 1- 2x >0<x < =
© logs(1 — 2x) > logy 50,5
<1-2x < 0,5

1
SX>-
4

S x> -2

Vay tap nghiém cua bat phuong trinh 1a: S = (i; %).
¢)  Giai bat phuong trinh:  log,(x — 3) +log,(x —2) < 1

A 1A (X—3>0 x> 3
bicu kién: {X—Z >0 = {X> )

< log,(x—3)(x—2) <log, 2
S x-3)x-2)<2
& x2-5x+4<0
=1<x<4

Két hgp voi diéu kién. Vay tap nghiém cua bat phuong trinh la: 3 < x < 4.

S x>3

BAI TAP
1. Giai cic bat phuong trinh mi
1)64*—-8*—-56>0
2)3.4* =2.6* <9
3)25*—=3.5%*4+2>0
1
2xX—4
, 4)3 > E?;
2.Giai céc bat phuong trinh 16garit
1/logg(4 — 2x) = 2
2/logi(3x — 5) > logi(x + 1)
5

32705

4/ 16" < 0,25

5/ log5(x* — 6x +5) > 2logs(2 - X)

6/ log(x — 1) —log(2x — 11) > log 2
7/log,(x —5) +log,(x +2) <3
8/log(x? — 6x + 7) = log(x — 3)
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BAI 3. NGUYEN HAM

1. Nguyén ham va tinh chat
1.1. Nguyén ham , ’
Pinh nghia: Cho ham s0 f(x) xac dinh trén K. Ham so F(x) dugc goi 1a nguyén ham cua
ham s6 f(x) trén K néu F'(x) = f(x) v&i moi x € K.
Vidu 1: ’
a) Haim so F(x) =x? 1a moOt nguyén ham cua ham so f(x) = 2x trén khoang
(—o0; +00) vi F'(x) = (x?)' = 2x; VX € (—00; +00).
b) Ham s6 F(x) = Inx 12 mot nguyén ham ctia ham s6 f(x) = i trén khoang (0; +o0) vi
F'(x) = (Inx)’ = =; ¥x € (0; +0).
Néu F(x) 12 mot nguyén ham cua ham s6 f(x) trén K thi F(x) + C,C € R1a ho tit ca
cdc nguyén ham cua f(x) trén K. Ki hi¢u

Jf(x) dx =F(x) + C

Chu ¥: Biéu thirc f(x)dx chinh 1a vi phin ctia nguyén ham F(x) cua f(x)
(Vi dF(x) = F'(x)dx = f(x)dx)

Vidu 2:

a) Voix € (—oo; 40); [2xdx =x%+ C;

b) Véix € (0; +00); [=dx = Inx + C;

c) Véix € (—00; +00); [ cosxdx = sinx + C
1.2. Tinh chat ctiia nguyén ham

1) [f(x)'dx = f(x) + C;
2) [kf(x)dx = k [ f(x)dx; k 1a hing s6 khac 0;
3) JIf(x) + g()]dx = [ f(x) dx £ [ g(x) dx

Vidu 3:
1) [(cosx)’' dx = [(—sinx) dx = cosx + C
2) Véi x € (0; +o0) tacod

3 1
f(Ssinx+;) dx = 5fsinxdx+ 3f;dx = —5cosx + 3lnx + C

1.3. Su ton tai nguyén ham

Moi ham s0 f(x) lién tyc trén K déu c6 nguyén ham trén K.
Vidu 4:

‘ 2
a) Ham s6 f(x) = x3 ¢6 nguyén ham trén khoang (0; +0) va
2 3 5
] x3dx = §x§ +C

1

sin2x

b) Ham sé g(x) =

c6 nguyén ham trén tirng khoang (km; (k + 1)m); (k € Z) va

1
J — dx = —cotx+ C
sin?x
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1.4. Bing nguyén ham ciia mdt s6 ham sé thuong gip

JdezC

faxdx=%+C; (@a>0;a#1)

fdx=x+C

f cosxdx = sinx + C

Xn+1
n — . —_—
]x dx n+1+C,(n¢ 1)

J sinxdx = —cosx + C

1
J—dx = In|x| + C
X

dx = tanx + C

] 1
Cc0s?x

fexdx=eX+C

1
f — dx = —cotx + C
sin?x

2. Phuwong phap tinh nguyen ham
2.1. Phwong phap d6i bién sé
Pinhlil:

Néu [ f(u) du = F(u) + C va u = u(x) 1a ham s6 c6 dao ham lién tuc thi

] f(u(x)).u’(x)dx = F(u(x)) + C.

s Héqua. Véiu=ax+b (a#0),tacd

1
ff(ax+b)dx=;F(ax+b)+C

Vidu 5: Tinh [ sin(3x — 1) dx
Vi

[ sinudx = —cosu + C nén theo hé qua ta c6

1
f sin(3x— 1) dx = —§cos(3x -1 +C

2.2. Phwong phap tinh nguyén ham tirng phin

Dinh Ii 2:

Néu hai ham s6 u = u(x)va v = v(x) c6 dao ham lién tyc trén K thi

fu(x).v’(x)dx =ux)v(x) — f u' (x)v(x)dx.

» Chay:

Vi u'(x)dx = du; v'(x)dx = dv; nén ddng thirc trén con duogc viét dudi dang:

]udv=uv—]vdv

Pay 1a cong thtc tinh nguyén ham ting phan.

3. Bai tap ap dung

Vidu 6: Tinh [ = [ cosx sin®xdx

Giai
bat t = sinx & dt = cosxdx
Khi d6

1 1
[ = ]COSXSin?’XdX: ]t3 dt—Zt4+C ——Zsin4x+C
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Vi du 7: Tinh cic tich phan sau
a) [ xe*dx b) [xcosxdx  ¢) [Inxdx
Giai
a) I = [ xe*dx
< u=x du = dx
bat {dv = e*dx { v = e¥

Do d6 I = [ xe*dx = xe* — [ e¥du = xe* — eX + C
b) I = [ xcosxdx

u=x du =dx
bat = )
dv = cosxd.x Vv = sinx

[ = fxcosxdx = xsinx — f sinx dx = xsinx + cosx + C.
¢) I = [Inxdx

{u = Inx du :de

= X
dv = dx
vV = X

[ = [Inxdx = xlnx — [ dx = xlnx —x + C

Dat

~ BAITAP
1. Tim nguyén ham ctia cidc ham s6 sau
x+Vx+1 2 —1
fx) = ———; b) f(x) =
a) ) = 7= )00 = S
o) f(x) = ———; d) f(x) = sin5x. cos3x
smzxcolszx .
f(x) = ; f(x) =
O = D) DI = et 9
2. St dung phuong phap doi bién, hay tinh
a) f(3 —x)1%dx; b) fx(l + x2)20dx
) f 2x. sinxd d) f dx
c) | cos*x.sinxdx; _
A SIAEX e+e*+2
3. Str dung phuong phap tinh nguyén ham tirng phan, hay tinh:
a) ] xsin?xdx ; b) J x2sinxdx
X
c)f ——dx; d) f(x2 + 2x — 1)e*dx
sin?x
e) f xIn(x + 1)dx; f) fx sin(2x + 1)dx
2) ](1 — X)cosxdx ; h) ]xsinxdx
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BAI 4. TICH PHAN

1. Khai nién tich phan
1.1. Dién tich hinh thang cong
Cho ham sb y = f(x) lién tuc, khong doi dau trén doan [a; b]. Hinh phing gi6i han bai d6 thi
ctia ham s6 y = f(x), truc hoanh va hai dudng thing X = a; x = b dugc goi 12 hinh thang
cong ( H. 1a)

O 16p dudi, ta da biét cach tinh dién tich hinh chit nhat, hinh tam gidc. By gio, ta
xét bai toan tinh dién tich hinh phéng D gidi han boi mot duong cong kin bat ki ( H. 1b).

y A
. y="f(x)
//\
0 a b ;, R
a) b)
Hinh 1

Bang céch ké cic duong thang song song voi céc truc toa do, ta chia D thanh nhitng
hinh nh¢ 1a nhitng hinh thang cong (H.1a). Bai todn trén dugc dua vé tinh dién tich cua hinh
thang cong.

Bai todn tim dién tich hinh thang cong bat ki:

Cho hinh thang cong gidi han bdi cic duong thang x = a; x = b; (a < b), truc
hoanh va du’ong cong y = f(x), trong d6 f(x) 12 ham sé lién tuc, khong Am trén doan [a; b].

Véi moi x € [a; b]. Ki hiéu S(x) 1a dién tich cua phan hinh thang cong d6 nam giira hai

duong thang vudng géc v6i Ox 1an luot tai a va x ( H.2).

Ta chirng minh dugc S(x) 1a mot nguyén ham cua f(x) trén doan [a; b].
Gia sir F(x) 12 mot nguyén ham cua f(x) thi ¢6 mot hing sé C sao cho S(x) = F(x) + C.
ViS(a) = 0nén F(a) + C = 0 hay C = —F(a).
Vay S(x) = F(x) — F(a).
Thay x = b vao dang thiic trén, ta c6 dién tich cta hinh thang can tim Ia
S(b) = F(b) — F(a).

yeffx)
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1.2. Pinh nghia tich phan
Cho f(x) lIa ham s6 lién tuc trén doan [a; b]. Gia sir F(x) 1a mot nguyén ham cua f(x) trén
doan [a; b].
Hiéu s6 F(b)-F(a) duoc goi la tich phan tir a dénb (hay tich phan xac dinh trén doan
[a; b]) cia ham sb f(x).

b
] f(x) dx = F(9)[2 = F(b) — F(a)

Ta goi a la can dudi, b la can trén, f(x)dx la biéu thic dudi dau tich phan va f(x) 1a ham
s6 dudi dau tich phan.

Chua y:
Truong hgp a =b hodc a > b, ta quy udc

a b a
!f(x) dx = 0; !f(x) dx = —!f(x) dx

Vidu 1:

3
1 1 26
J-XZdX=§X3|§ =§(33 — 13) =?
1
e

1
]?dtzlntlezlne—lnlz 1-0=1.
1
* Nhin xét:
a) Tich phan cita ham s6 f tir a dén b ¢6 thé ki higu béi [ f(x) dx hay [* f(t)dt. Tich
phan d6 chi phu thudc vao f va cdc can a; b ma khong phu thudc vio bién sb x hay t.
b) Y nghia hinh hoc cua tich phan: Néu ham so f(x) li€n tuc va khong am trén doan
[a;b], thi tich phan fab f(x) 12 dién tich S cua hinh thang cong gi6i han bai d6 thi cta
f(x), truc Ox va hai dudng thing x = a; x = b (H.la). Vay

b
S = ff(x) dx

2. Tinh chit cia tich phan

b b
1) f kf(x) dx = k f f(x) dx; k 1a hing s6
a a

b b b
2) f(f(x) + g(x))dx = f f(x) dx + f g(x) dx

3) be(x) dx = ch(x) dx + be(x)dx.

-10 -
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Vidu2: Tinh [ (4x® — 2x + 5) dx
Giai

2 2

](4}( —2x+5)dx =4 Jx dx—2jxdx+5jdx- xE - EDNE+5K)3 =22
0
3. Phlro’ng phap tinh tich phan
3.1. Phuong phap déi bién ’
Pinh li. Cho ham s6 f(x) lién tuc trén doan [a; b]. Gia st ham s6 x = @(t) c6 dao ham lién
tuc trén doan [a; B] sao cho @(a) = a; (B) =bvaa < @(t) < b véi moi t € [a; B]. Khi
do

b B
] f(x) dx = ] f((@(1). @' (t) dt

(04

Vi du 3: Tinh fog sinxcosx dx
Giai
bat u = sinx. Tacé u’ = cosx.
Khi x = 0 thi u(0) = 0, khi x = Zthiu(%) = 1.
Vay
1

T
2
2 2 1 osp
sin“xcosxdx = | u du=§u o ==
0

3.2.  Phuong phap tinh tich phén tirng phan

Pinh li. Néu u=u(x) va v=v(x) 1a hai ham sd c6 dao ham lién tuc trén doan [a; b] thi
b b

J u(x) v'(x)dx = (u)v(x))|2 — ] u'(x) v(x)dx

a a

b b
hay Judv=uv|2—Jvdu
a a
Vidu 4: Tinh
e
[ = Jlnxdx
1
Giai
g u = Inx du = = dx
bat {dVZdX { v =x

Izjlnxdxlenxl‘f—Jdx=e1ne—11n1—x|‘f=e—e+1=1

-11 -
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4. Bai tap ap dung
Bai 1: Tinh

1 X
fO (1+x2)3 X
Gial
Ditu = 1+X2 tacéu = 2x; u(O) = 1;u(1l) = 2 nén

f 1f1d 1p 1(1 1)_3
A+ =7 @du= 4wzl - a\22 ~ 16
1

Bai 2: Tinh f 2 xsinx dx

Giai
9 u =X du = dx
bat {dv = sinxdx = {V = —COSX
Do do6
TC
2 2
I I I
stinx dx = (—xcosx) |2 + ] cosxdx = (—xcosx)|2 + (sinx)|Z =04+ 1=1.
0 0

TC
Bai 3: Tinh I = [ xcosxdx
Giai
o = :d
Pit u=x . du=dx
dv=cosxdx v=sinx
TT

2
T T

TT
2
u z Ton
= chosxdx = (xsinx)|2 — ] sinx dx = (xsinx)|Z + (cosx)|? = 5~ 1
O 0 N -~
BAI TAP
1. Tinh céc tich phan sau:

) 2
a) f(x& +2x% + 5) dx b) f Y1 —x)2dx;
0 -1
2
2 2
J ! d d ] in®x dx;
c) XE+ D) X ) sin“x dx;
1 0
2
2
e) f sin2xcos?x dx b) f(xi/i + x5VxX + 7x) dx;
0

0 2 I4
2. St dung phuong phap doi bién, hay tinh
1

1
] X 4 b 1—] 2.5
2) (1+x2)3 ) 1= FCIE
0

0
-12 -
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g=s
TT
2 2
) ] in2 d d) ] X 4
C sin?x. cosxdx X;
VxZ +1
0 0
2 e
: In?x
e) ]smx. cos?x dx b) dex;
0 1
3. St dung phuong phdp tinh tich phan timg phén, hay tinh
2 e
a) f(x + 1)sinx dx b) flenx dx;
0 1
n
TC 2
) I= fx(l + cosx)dx d) f(Zx — 3)sinx dx;
1 0
1 2
e) fln(l + x) dx b) J-(x2 —2x — 1) e ¥dx;
0 0

-13 -
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BAI 5. UNG DUNG CUA TiCH PHAN TRONG HINH HQC

1. Tinh dién tich hinh phing
1.1. Hinh phing gi6éi han béi mét dwong cong va truc hoanh
Dién tich S ctia hinh phing giéi han béi dd thi cuia ham sb f(x) lién tuc, truc hoanh va hai
duong thang x = a; x = b (H. 4) duoc tinh béi cong thirc

y A
S = flf(x)ldx 4
a

W

0 a b

Hinh 3
1.2. Hinh phing gi6i han béi hai dwdng cong
Cho hai duong cong f(x) va g(x) lién tyc trén doan [a; b]. Goi D la hinh phang gidi han
béi d thi cia hai ham sb d6 va cdc dudng thiang x = a; x = b (H. 5) duoc tinh bdi cong
thirc.

y M

y=iix)

b
S = j () — gl dx ()

(s
w W

Hinh 4
Chi y: Khi 4p dung cong thirc (*), cin khir dau gi tri tuyét d6i cua ham sb dudi dau tich
phan. Muén vay, ta giai phuong trinh f(x) — g(x) = 0 trén doan [a, b].
Gia sir phuong trinh c6 hai nghiém ¢; d (¢ < d). Khi d6, f(x) — g(x) khong dbi dau
trén cic doan [a; c]; [c; d]; [d; b]. Trén mdi doan d6, chang han trén doan [a; c], ta c6

- ] [f(0) — g()] dx

j () — g dx

Vi du 1: Tinh dién tich hinh phiang dugc gidi han boi dd thi ctia ham sé y = x3, truc hoanh
va hai duong thing x = —1; x = 2 ( H.6)
Giai

- 14 -
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M
2 0 2 ¥
S = ]|X3|dX= f(—x)3dx+jx3dx
1 .1 , 0
x* N x* 17
2 Y y
0 2 x
Hinh 5

Vi du 2: Tinh dién tich hinh phang gi6i han boi dd thi ctia cdc ham sé:y = x?- x- 4 va
y =x-1.
Giai
Ta c6: hoanh do giao diém cta hai do thilax? - x- 4 = x- 1
x=-1

o x2-x-4— x+ 1=o=>x2—2x—3=0<:>[x_3
Vay dién tich can tim Ia:

3
S = leZ—ZX—3|dX
1
Dox?—-2x—3<0; Vx€[-1;3]
Suy ra
3

3 3

3
S = flxz—Zx—SIdX=S= ](—X2+2x+3)dx=<—?+xz+3x>

-1 -1 -1
2. Tinh thé tich
2.1. Thé tich ciia vat thé
Vit thé gii han béi mot mit cong va hai mit phingx = a; x = b; a<b,S(x) la dién
tich ctia thiét dién cua vat thé trén mot mat phang vudng géc voi 0x.S(x) lién tuc
trén [a; b].
Thé tich vat thé 1a

b
V= j S(x) dx
a
2.2. Thé tich caa khoi chop va khoi chép cut
* The tich cua khoi chop la:
_ Bh
3

Vi khoi ch6p c6 chiéu cao bang h va dién tich ddy bang B.
* The tich cua khoi chép cut 1a:

- 15 -
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h
V=-(B+VBB +B)

Vi khéi chép cut tao boi khdi chép dinh S c6 dién tich hai ddy 1an luot 12 B; B’ va cé
chiéu cao bang h.
3. Thé tich khdi tron xoay
3.1. Thé tich khoi tron xoay quay quanh truc ox
Thé tich khdi tron xoay do hinh phang gidi han béi y = f(x) (C); x=a;x=b, y=0;
(a < b), quay quanh Ox

b
V=Trff2(x)dx 4
a

Hinh 6
3.2. Thé tich khoéi tron xoay khi quay quanh Oy.
Thé tich khéi tron xoay sinh ra do hinh phing giéi han bdi cdc duongx = g(y), truc
Oy,y = a,y = b(a < b) quay quanh Oy la:

b
V=nf X (y)dy

L 4

Hinh 7

- 16 -
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4. Bai tap ap dung
Bai 1: Tinh dién tich hinh phing giéi han boi hai dudng congy = x3 —x va y = x — X2
Giai
Taco: f(x) —gx) = x> —x) — (x—x%) =x3 +x? — 2x
fx) —gx)=0=x3+x>-2x=0=x, =-2;x, =0;x3 = 1.
Vay dién tich hinh phang di cho la:

1
S = J|x3+xz—2xldx
2

1

0 1
= f(x3+xz—2X)dx+f(x3+xz—2X)dx
0
8 5 37
_§+_

-2
x* %3
S ==
(4 3 X)() 12 12

x* N X 0
17370
Bai 2: Tinh thé tich vat thé tron xoay do phan duong tron (C): X% +y? = R tam O khi
quay xung quanh truc Ox.

+

Giai
Khi (C) quay quanh Ox ta c6 mit cau, thé tich khéi cau Ia
R R

V=1Tf(\/R2—X2)2dX= f(RZ—XZ)dX=1r<R2x—X—>

—-R —R -R

BAI TAP
1. Tinh dién tich hinh phing gi6i han béi cic dudng
a) y=x4y=x+2;
b)y = [|Inx|;
oy=(x-—-6)%y==6x—x%
2. Tinh dién tich hinh phang giéi han bdi dudng cong y = x? + 1, tiép tuyén v6i duong nay
tai diém M(2; 5) va truc Oy.
3. Tinh thé tich khéi tron xoay do hinh phang gidi han boi cdc duong sau khi quay xung
quanh tryc Ox:
a)y=1—-x%y=0;
b)y=cosx;y=0;x=0;x =

T,
c)y=tanx;y=0;x=0;x=%.

-17 -
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ON TAP CHUONG I
1. Giai céc phuong trinh va bat phuong trinh
a)32§ = 0,125.128?‘137 b)5*' =10".27*.5 c)(é)‘% (%)H

d)25* - 6.5*+5=10

f)7142x — 8. 7% +1 =0

31X —3x 42 =0

h)log;(x +2) > 1 —log; X
2. Tinh

a) f(Z — x)sinxdx;

1
C)fx2—5x+6dx'

e) J xcosxdx ;

1
—dx;
) f Vx+1+x
3. Tinh:

3
a)fo(x+ X2 +16)dx;
0

2

C)f(x+ 1)(X+2)(X+3)d

XZ
1

4. Tinh:

X;
X

2T
e)f V1 — cos2x dx;
0

2
g)sze3X dx;
0

e)2(log, x)?x — 14log,x+3 =0
i)log,(x —3) + 2log, 3.log; x = 2
k)(log, x)? + 3log,(2x) —1 =10

d) fxexdx
0[S

h > d
)f(S—x)(x+1) X

b) J-(Z.X3 — Inx)dx

2

1
X Ol P

0

In2

b) | e*(eX — 1)2dx
J

d) | x*(x—1)3dx
|

f) f\/l + sin2x dx
0

T
2

h) ] cos2x. sinxdx
0

5.Xét hinh phang D gii han boiy = 2V1 —x2vay = 2(1 — x).

a) Tinh dién tich hinh D.

b) Quay hinh D xung quanh truc Ox. Tinh thé tich khéi tron xoay dugc tao thanh.

- 18 -
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CHUONG II. SO PHUC
Muc tiéu ‘
Sau khi nghién ciru xong chwong nay, hoc sinh c6 thé:
- Ndm dwoc cdc kzen thitc co bdn vé sé phire; cdc phép todn cong, trir va nhan so 5 phikc;
phép todn chia sé phirc; phuwong trinh béc hai h¢ so thuc
- Trinh bay dwoc cdc phép todn vé so 5 phike;
- Ap dung dwoc cdc kién thire dé gidi cdc bai tdp vé so phirc.

BAI 1. SO PHUC

1.  Soi

Ta da biét cdc phuong trinh bac hai véi biét sé am khong c6 nghiém thuc. Phuong
trinh bac hai don gian nhat khong c6 nghiém thyc 13 phuong trinh

x2+1=0.

Véi mong mudn mé rong tap hop sb thuc

i =-1
2. Pinh nghia s6 phic
MGdi biéu thirc dang a + bi; trong d6 a; b € R; i? = —1 duogc goi 1a mot s6 phikc.
S phuc (dang dai $6): z = a + bi

(a;b € R, ala phan thuc, b 13 phan 4o, i 1a don vi 4o, i* = 1)

Tép hop sé phac:  C
3.S6 phitc biang nhau:
Hai s6 phirc bang nhau néu phan thyc va phan 4o cta ching twrong ing bang nhau.

a+bi=c+di(:>{?:2

Ghi chi:  z = a + 0i 1a s6 thuc < phan 40 ctia z bang 0 (b =0
z 12 thuan ao & phan thuc cua z bang 0 (a = 0)
S6 0 vira 1a s6 thuc vira 1a s6 ao.

4.Biéu dién hinh hoc sb phirc: o 7
S6 phttc z = a + bi (a, b € R duoc biéu dién bdi diém M(a; b) hay bsi U = (a; b)trong
mp(Oxy) (mp phtrc)

y

I M(a+bi)
/ >

O‘ i -

5.Médun cia s6 phitcc: z = a + bi

|| =a? +b? =7z =lom]

|Z|ZO,VZEC, |Z|:O<:>Z=0
|22 =l |z
2| _ld

M
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||Z|—|Z'|| <|ztz]<|e+lz]

6. SO phirc lién hop ciia sé phitcz = a + bilaz = a— bi
_ — - = — = [(3)_ 7%
Z=z; zxz'=zxz'; z7'=z2h (—1J=_—1
L) L
2Z=a>+b*
zlasothucsz =272 ; zlasddosz=-—2
BAI TAP

1: Tim phan thue va phan 4o cua sb phirc

az=1-mi b) 2=v2 —i

0z=242 d)z =—7i

2: Tim céc s6 thyc x, y biét
a)Bx-2)+Q2y+Di=(x+1)—(y-5)i
b)Y —2x)—iN3 =5 +(1-3y)i
O2x+y)+Ry—x)i=(x-2y+3)+(y+2x+1)i

3: Tinh \z\ biét :

a) z==2+i\3 b) z=+2-3i
¢) z=-5 d) z=i3

4:Tim Z biét:

a) z=1-i2 b) z=+2+iV3

c) z=5 d) z=71

-20 -
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BAI 2. CONG, TRU VA NHAN SO PHUC

1. Phép cong va phép trir

(a+bi)+(a+bi)=(a+a)+(b+b)i

(a+bi)—(a+bi)=(a—a)+(b-b)i

Sédbictaz=a+bila—z=-a—bi

U biéu diénz, 4" biéu dién z'thi 4+i'bjiéudinz+2z va Uu—U biéudibnz-z".
2. Phép nhan :

(a+bi)a+b'i)=(aa’-bb)+(ab’ + ba’)i

k(a + bi) = ka + kbi; (k € R)

BAI TAP

1: Tim phan thyc va phan 4o cia céc s phuc sau

a) (4—i)+Q2+3i)—(5+i) b) 2—i+G—2z‘j c) (2—31')—(%—%‘}

1, 3.,.] 1. 3 1. 5. 3. . .
d) (3—§lj+(—5+2lj—51 e) (Z-l_glj_(_z—i_glj f) 2-30)(3+1i)

2: Thuc hién céac phép todn sau
a) (1+i)* —(1-i)? b) 2+i) -3-i)’ ) (3+4i)’
d) (=1+i)° = (2i)* e) (1-i)'% f) 3+3i)°

-21 -
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BAI 3. PHEP CHIA SO PHUC

1. Tong va tich ctia hai s6 phirc lién hop:
Cho s0 phuc z = a + bi, ta c6:
o z+z=(a+bi)+(a—bi)=2a
e zz=(a+bi)a—-bi)=a’—(bi)* =a>+b* =[’
2. Phép chia hai s6 phirc:
z7l=-—2 (z+#0)

|z|2
z' .4 2'Z7 7'Z
— =77 :_:—_
z |Z|2 7.z
z' .
— =W Z =WZ
Z
BAI TAP
1: Tim phén thyuc va phan 4o cta céc sd phiic sau:
p Pl ol gy 3 o) 1!
1+i i 1+2i 1—i
3+i 1+i a+iNb 2-3i
— e) — f) — g) :
(1-21)(1+1) 2—i iNa 4 +5i

2: Thuc hién céc phép todn sau:

3
LY (1+20)* —(1-)’ 6
a)(z 31} b) (3+2i)° —(2+i0)° ©) 20

-0 -
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BAI 4. PHUONG TRINH BAC HAI VOI HE SO THUC

1. Cin bac hai ciia s6 thue 4m
e 7z =x+ yilacan béc hai ciia s6 thuec am w = a + bi khi va chi khi
2 _ N2 —
pmw e Y =
2xy=b
e w=0c6ding 1 can bachailaz=0
e w #0 ¢ diing hai cin bac hai d6i nhau
Téng quat: Can bac hai cua s thuc a duong 1a +a ;
Cin bac hai cua sé thyc a am 12 +i/[al.
Vidu:
Ciin bac hai ctia -2 1a +ivZ ; Vi (+iv2)” = —2;
Cin bac hai cita -3 1a +iv3 ; Vi (+ivV3) = -3 ;
Cin bc hai ctia -4 1a +2i ; Vi (£iv2)" = —2;
2. Phuong trinh bic hai véi hé s6 thue
Cho phuong trinh bac hai ax? + bx + ¢ = 0;véia; b;c € R;a # 0
Xét biét s6 A= b? — 4ac cua phuong trinh. Ta thy :
~b+

¢ Khi A> 0 phuong trinh ¢6 hai nghiém thuc phan biét x;., = .

S

¢ Khi A= 0 phuong trinh c6 mot nghiém thuc x = ;—2 ;
¢ Khi A< 0 phuong trinh ¢6 hai nghiém phirc dugc xac dinh boi cong thirc

—b+i /|4l
x1;2 = 2a .
Vi du : Giai phuong trinh
x2+x+1=
Taco A=1—-4=-3
A N ~ Ly - T —-1+iV3
Vay phuong trinh da cho ¢6 hai nghiém phucla: x;., = ———.
q BAI TAP
1. Giai cac phuong trinh sau (an z):
a) z° +|7=0 b) 22 +|4 =0
C) z4+27=2—4i d) z2-z=0
e) |z|-2z=—-1-8i f) (4-5i)z=2+i
A\ 4 . .
g)(ﬂz) 4 py 2%0, 143
7—1I 1-i 2+1

1) 2|z|—3z =1-12i

1) [(2—i)2+3+i](iz+ij:0
2i

K) (3-2i)*(z+i)=3i

m) z 3—11' =3+li
2 2

-23 -
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0) 2 o 4 D) (2+3i)(2 —22+5)=0
Z
Q) (Z+9)(—z+1D)=0 1) 227 =372 +5z+3i-3=0
2. Giai cdc phuong trinh sau (an x):
a) x> —3x+1=0 b) 3v2.x% —2/3.x++4/2 =0
¢) x> =B-i)x+4-3i=0 d) 3x>—x+2=0
e) 3x’—24=0 f) 2x* +16=0
g) 2+ 7 =0 h) x*>+(2-3i)x=0
ON TAP CHUONG 11

1. Thyc hién cic phép tinh sau:
a) (2—i)(=3+2i)(5-4i)
b) 3+7i N 5-8i
2430 2-3i
) (2—=4i)(5+2i)+(3+4i)(=6—1i)
2. Cho céc sb phtic 7 =1+2i, 2y =-243i, z; =1-i. Tinh:

)zttt b) 22, + 55+ 27 ©) 45%
2,2
2 2 2 Z 3 Z 7tz
d) 77 +z," +z4 e) L+2+3 f) %
ZZ Z3 Zl ZZ + Z3

3. Riit gon céc biéu thic sau:
a) A=z +iz’ —(14+20)z> +3z+1+3i, vdi z=2+3i

b)B=(z-2"+22°)2—z+2%), vdi Z:%(\/g—i)

4. Tim céc so6 thuc x, y sao cho:

x—3+y—3

a) (1-20)x+0+2y)i=1+i b) — ,
3+i 3-i

) (4=3i)x* +(3+2i)xy =4y’ —%xz +Bxy—2y)i

5. Giai cdc phuong trinh sau trén tap sb phirc:

a) 22+ 5 =0 b)?+22+2=0 ¢) 22+ 4z +10 = 0
d)2-5+9=0 e) 222+3z-1=0 f) 322- 2z +3 = 0
g) (z+7)(z-2)=0 h) 22+7+2=0 i) 22=7+2

K) 22437 =2+3i D (z42i)+2(z420)=3=0 m) 2 =7

n) 422 +8l =38 0) iZ2 +(1420)z+1=0 p) 1+ +2+11i=0

-24 -
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6. Giai cdc phuong trinh sau trén tap sb phirc:
a) x> —(3+4i)x+5i-1=0 b) X2 +(+)x—2-i=0 ¢)3x>+x+2=0

d) > +x+1=0 e) x>—1=0
2
7. Giai phuong trinh z:(Z—Z—-l_;j , biét z=3+4i 12 mdt nghiém cuia phuong trinh.
7—

8. Gidi cac phucng trinh sau:

a) 422 -2 +2z+41=0 b) 22 -2 -2z41=0

C) z —(1+\/_)Z +(2+\/_)Z —(1+\/_) =0 d) -4 +672-47-15=0
9. Chirng minh ring: néu |4 <1 th1 . <Il.

2+lZ

QD5

=05 -
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[ PHAN B. HINH HQC ]

Chuwong: PHUONG PHAP TQA PQ TRONG KHONG GIAN

Muc tiéu
Sau khi nghién ciru xong chwong nay, hoc sinh cé thé:

- Hoc sinh ndam duwoc cdc kién thire co ban vé phirong trinh mdt phang; phirong trinh dwong
thang trong khéng gian;
- Trinh bay dwoc cdc cong thire vé phwong trinh mdt phang; phirong trinh dwong thing
trong khong gian;
- Mb td dwoc dang hinh hoc cia phwong trinh mdt phdng va phwong trinh dwong thang
trong khong gian;
- Ap dung va gidi dwoc cdc bai tdp vé Hoc sinh nam dwgc cdc kién thirc co ban vé phwong
trinh mdt phang; phirong trinh dwong thang trong khéng gian;

BAI 1. PHUONG TRINH MAT PHANG
1. Vecto phap tuyén ciia méit phang
1.1. Pinh nghia: Cho mp (P). Néu vecto 7 # 0 va c6 gid vudng géc vai (P) thi 7 dgl vecto'

phap tuyén cua (P).

Chi y: Néu 7 12 VTPT cua (P) thi ki (k # 0) cling 12 VTPT cua (P).

a, das|
b, b,

a; .
by b||b b,

e aq 4
Vecto 7 xac dinh 7 =

J dgl tich cé6 hwéng (hay tich vecto) cua hai

vecto @ va b . Ki hiéu: fzz[&,b] hodac i=dnb.

1.2. Nhan xét:
® Tich c6 hudng cua hai vecto cling 1a mot vecto.
e Cip vecto d, b & trén dgl cip VTCP cua (P).
Vi du 1: Tim mot VTPT ctia mit phing:

a) Qua A(2;-1;3),B4;0; 1), C(-10; 5; 3).

b) Qua A(2; 0; 0), B(0; 2; 0), C(0; 0; 2).

Giai
a) AB=(2;1;-2); AC =(-12:6;0); BC =(—14;5;2)

-6 -
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S e

— [ AB,AC |=[ AB,BC | = (12;24;24) = (1;2;2).
by AB=(-2:2:0):AC=(-2:0;2):BC =(-2:2:0)
[AB,AC |=[ AB,BC |=(12;24;24)
2. Phuong trinh tong quit ciia méit phing
2.1. Pinh nghia: Phuong trinh Ax+By+Cz+D=0, trong d6 A>+B*>+C* =0, dugc goi la
phwong trinh téng quét cia mit phang.
* Nhén xét:
a) (P): Ax+By+Cz+D=0 = (P)c61 VTPT la ii=(A;B;C).
b) PT cua (P) qua M,(x,;y,;z,) vacé VIPT 7 =(A;B;C) 1a: A(x—x)+B(y—y,)+C(z—2z,)=0.
Vi du 2: Hay tim mot vecto phap tyyén ctia mit phang (o):4x—=2y-6z+7=0.
Vi du 3: Lap phuong trinh tong quat cia mat phang (MNP) véi M(1; 1; 1), N(4; 3; 2),
P(5; 2; 1).
Giai
Ta c6: MN = (3;2;1); MP = (4;1;0)..
Goi n=MN AMP = (-1;4;-5) .
Phuong trinh mat phang (MNP) di qua M(1; 1; 1) va c6 vecto phdp tuyén n =(-1;4;-5) la: -
1(x-1) +4(y-1) -5(z-1) =0 & -x+4y -5z + 2 =0
2.2. Cac truwong hop riéng
a) D=0« (P) diquaO.
bA=0o {(P)DOx
(P)JOx

(P) [7(Oxy)

c)A=B=0& [
(P)=(Oxy)

Cz+D =0 By + D =0 A T i)

Nhan xét: Néu cdc hé s6 A, B, C, D déu khdc 0 thi ¢6 thé dua phuong trinh cta (P) vé dang:
Tidiio )
a b ¢

(2) duoc goi 1a phwong trinh ciia mit phing theo doan chin.

=27 -
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3. Piéu kién dé hai mit phing song song, vudng géc
3.1. Piéu kién dé hai mit phing song song
Trong KG cho 2 mp (Py), (P,):
(B):Ax+By+Cz+D =0

(P):Ax+B,y+C,z+D, =0
* (B)LU(R)
@{(AI;BI;CI)#(AZ;BZ;CZ)
D, # kD,
* (B)=(p)
& {(D‘Tl;:Bl:DC;)zk(Az;BzQCz)
* (Py) cit (Py)
< (A:B;:C) #k(A):B,:Cy)
Vi du 4: Cho hai mp (P;) va (P»,):
P): x—my+4z+m=0
(Py): x-2y+(m+2)z-4=0
Tim m dé (P,) va (P,):
a) song song
b) trung nhau
¢) cat nhau. v
Vi du 5: Vict PT mp (P) di qua diem M(1; -2; 3) va song song voi mp (Q): 2x-3y+z+5=0.
Giai
Vi (P) // (Q) nén (P) ¢c6 VTPT ii=(2;-3;1).
= (P): 2(x-D)-3(y+2)+1(z-3)=0
& 2x-3y+7z-11=0.
3.2. Piéu kién dé hai mit phing vudng goc
(P)L(B)e=AA +BB,+CC,=0

&

3
$ ——
3

Vi du 6: Xic dinh m dé hai mp sau vudng géc véi nhau:
P): 2x-7y+mz+2=0
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(Q): 3x+y-27+15=0

Giai
(P)L(P) & AA,+BB,+C,C,=0& m=—%.
Vi du 7: Viét phuong trinh mp (P) di qua hai diém A(3; 1; 1), B(2; —1; 4) va vudng géc véi
mp (Q): 2x—y+3z-1=0.
Giai

(P) c6 cap VTCP la:

AB =(-1;-2:5) VA fi, =(21-1:3); ii, = AB.ii, |=(~1135)

= P): x—-13y-5z+5=0.
4. Khoang cach tir mot diém dén mot mit phing 7
Pinh li: Trong KG Oxyz, cho (P): Ax+By+Cz+D=0 vadiém M,(x,;y,:2,) -
_|Ax,+By,+Cz,+D|

d(M,;(P)) =

JA?+B?+C?

- +B" +
] 47
l

P
a

Vi du 8: Tinh khoang cach tir diém M dén mp(P):
a) M(1; -2; 13) ; (P): 2x-2y—-z+3=0 b) M(2; -3;5); (P): 2x—y+2z-6=0
c) M(1; 4;-2); (P): x+y+5z-14=0 d) M(3; 1; -2); (P) = (Oxy)
Giai
4 11
a) d(M,(P))=§; b) d(M,(P))=?

¢) d(M,(P))=~27; d) d(M,(P))=2
Vi du 9: Tinh khoang céch giira hai mp song song (P) va (Q):

a) (P): x+2y+2z+11=0; (Q): x+2y+2z+2=0

b) (P): 4x—y+8z+1=0; (Q): 4x—y+8z+5=0

Giai
Bang khoang cdch tir 1 diém trén mp nay dén mp kia.
a) Ly M(0; 0; -1) € (Q).
d((P),(Q))=d(M,(P))=3
b) Liy M(0; 1; 0) € (P)
4

d(P).O)=d(M (@) =5

Vi du 10: Viét pt mat cau (S) c6 tam I va tiép xtc voi mp (P):
2 {1(3;—5;—2) b) {I (1;4;7)
(P):2x—y—-3z+1=0 (P):6x+6y—T7z+42=0
Giai
R =d(1,(P))
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a) (x=3 " +(y+5)7+(z+2) = 162

b) (x—1) +(y—47 +(z—7)" (fi’)

Vidu 11: Viét phuong trinh mat phéng (P) tiép xdc v&i mit cau (S) tai M:
2) (S):(x=3+(y=1)*+(z+2)*= b) (S):(x=1*+(y+3)° +(z-2) =
M (-1;3;0) M(7;,-1;5)
Giai
Ta cé: ii=IM
a) (P): -4(x+D+2(y-3)+2z=0
b) (P):6(x—7)+2(y+1)+3(z=5)=0

, ~ BAITAP
1. Viét phuong trinh ctia mét phang:
a) Diqua diém M(1; -2; 4) va nhan n=(2;3;5) lam vecto phéap tuyén;

b) biqua diém A(0; -1; 2) va song song vdi gia cua moi vecto u= (3;2;D)va v=(-3;0;1)
c) biqua3 diém A(-3;0; 0), B(0; -2; 0) va C(0; 0; -1).

2. Viét phuong trinh mit phang trung truc cia doan thang AB véi A(2; 3; 7), B(4; 1; 3).
3. a) Lap phuong trinh cta cdc mat phang toa do (Oxy), (Oyz), (Oxz)
b) Lap phuong trinh cua cac mat phing di qua diém M(2; 6; -3) va lan luot song song voi
cdc mat phang toa do.
4. Lap phuong trinh ctia mit phang:

a) Chira truc Ox va diém P(4; -1; 2);

b) Chura truc Oy va diém Q(1; 4; -3);

¢) Chira truc Oz va diém R(3; -4; 7).
5. Cho tir dién ¢6 cac dinh 1a A(5; 1; 3), B(1; 6; 2), C(5; 0; 4), D(4; 0; 6).

a) Hay viét phuong trinh ctia cdc mat phéng (ACD) va (BCD).

b) Hay viét phuong trinh mét phang (o) di qua canh AB va song song v6i canh CD.
6. Hay viét phuong trinh mat phang (o) di qua diém M(2; -1; 2) va song song v6i mit phang
B):2x-y+3z+4=0.
7. Lap phuong trinh mat phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng géc véi
mit phiang (B): 2x -y + z -7 =0.
8. Xdc dinh céc gi tri cia m va n dé mdi cap mat phang sau ddy 12 mot cip mat phang song
song voi nhau:

a)2x+my +3z-5=0 va nx-8y-6z+2=0;

b)3x-5y+mz-3=0 va 2x+ny-3z+1=0.
9. Tinh khoang céch tu diém A(2; 4; -3) 1an luot dén céc mat phéng sau:

a)2x—-y+2z2-9=0;

b) 12x -5z +5=0;

c)x=0.
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BAI 2. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

1. Phuong trinh tham sb ciia dwong thing

1.1. Dinh li: Trong KG Oxyz, cho duong th?mg A di qua diém My(xo; Yo, Zo) va nhan vecto
i=(a;a,;a,) 1am VTCP. Piéu kién can va da dé diém M(x; y; z) nim trén A 13 ¢6 mot sd
thuc t sao cho:

x=x, +ta,

Y=Y + tCl2

7=z, +1a,
1.2. Pinh nghia: Phuong trinh tham s ciia duong thang A di qua diém My(Xo; Yo; zo) V2
cO6 VICP d =(a;;a,;a,) 1a phuong trinh c6 dang:

x=x, +ta,

Y=Y + taz

Z=z, +1a,
trong do t 1a tham s0. ‘ o ’
Cha y: Néu a,, a,, a3 déu khac 0 thi c6 thé viét phuong trinh cua A duéi dang chinh tac:

X=X _ Y=Y _27%

a, a, a,
Vi du 1: Viét PTTS cua duong thang A di qua diém M, va ¢c6 VTCP &, véi:
a) M(1;2;-3),d=(-1;3;5) b) M(0;-2:5).d =(0;1;4)
c) M1;3;-1),a =(1;2;-1) d) M3;-1;-3),a = (1;-2;0)

Vi du 2: Cho cdc diem A(2;3;-1), B(1; 2; 4), C(2; 1; 0), D(0;1;2). Viét PTTS ctia cc duong
thing AB, AC, AD, BC.

Giai
AB=(-1;-1;5), A(2;3;-1)
x=2-t
= PTTS cua AB: < y=3-¢
7=—1+5¢

Cic phuong trinh dudng thang con lai HS tu giai twong tu.
Vi du 3: Viét PTTS cta A di qua diém A va vudng géc véi mat phang (P):
a) A(=24;3), (P):2x—-3y+6z+19=0; b) AG3;2%1), (P):2x-5y+4=0;
) A(1; -1; 0), (P)=(Oxy); d) A(2; -3; 6), (P)=(Oyz);
Giai
a) ViALP)nén a=i=(2;-3;6)
x==-2+2t
= PTTScua A: <y=4-3¢
z=3+6¢t
Vi du 4: Cho duong thang A ¢6 PTTS. Hiy xdc dinh mot diém M € A va mot VICP caa A.
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x=—142¢
A iy=3-3¢
z2=5+4t
Giai
Cho t =ty, thay vao PT cia A. V6it=0= M(-1; 3;5) € A.
2. Diéq kién dé hai dwong thﬁqg song song, cit nhau, chéo nhau
2.1. Pieu kién deé hai dwong thang song song
Goi d=(aa;a),d =(a;a,;a)) 1an lugt 1a VTCP cta d va d’. Lay M(Xo; yo; Zo) € d.

, i = ki
d//d e "7
Med
di
Q d
/ R
/
M
LA , d=ki
bac biét: d=d & )
Med
Vi du 5: Ching minh hai thang sau song song song:
x=1+¢ x=2+21 x=1+2¢ x=-1-21
a)d:{y:% cd i y=2+47 b) d:{y=2+t;d': y=2-1
z7=3-t¢ Z=5—2l’ 7=3+2t Z=_3_2t’
c)
d:x—lzy—2=z—3
9 6 3
d/:x—7:y—6:z—5
6 4 2
Giai

a) a=2-1), d =(2;4-2)
= a,d cung phuong.

Vi du 6: Viét phuong trinh dudng thiang A di qua diém A va song song véi duong thang d
cho trudc:

x=2-3t x=3+4
a) A(2;-5;3),d: < y=3+4¢ b) A(1;-3;2),d: s y=2-2t
7=5-2t z7=3t-1
0) A4 —2;2),d: Tr2_y=>_2-2 d) AGS: 2: -3, d: A3 _y-1_z+2
2 3 2 3 4

Giai
Vi A// d nén A cling nhan VTCP cua d lam VTCP.
a) Phuong trinh dudng thiang di qua A(2; —5; 3) va ¢6 VICP us =(-3;4;-2)1a:
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x=2-3t
y =-5+4t
z=3-2t

b) ,c), d) gidi tuong ty nhu ciu a).
2.2. Pieu kién deé hai dwong thang cat nhau
Cho 2 duong thang
xX=x, +1a, X=X+l a
d: {y=y,+ta,,d: {y=y,+7q
=2, tla, Z:Z(')_H/a?'

d va d’ cat nhau < hé pt an t, t” sau c6 ding 1 nghiém:

X, +ta,=x,+1a

Yo tla, = y;) +t,a'2 (*)

2, Fla, =7, +1 a

Vi du 7: Tim giao diém cua hai duong thang sau:

i x=1+t¢

x=1+1 x=2-2t d:{y=2+2t

a) d:y=2+43t,d :{y==2+1 b) =1t

z7=3—t¢ z=1+3¢ d,‘x—lzy—2:z—1

3 1 1

x=1+7 =340t x=5+1

x=3t
c)d:{y=1-2t,d :yy=2¢ d) d:{y==2+3t,d :{y=—1-4f
z=3+¢ r=4+1 z=6+4 7=20+1
Vi du 8: Tim m dé hai duong thang d va d’ cat nhau. Khi d6 tim toa d giao diém cua chiing

x=1-1 =1t x=2+1

x=1+mt
a) d:{y=t A y=2+21 b) d:iy=3+2t,d :{y=1+¢
z7=—1+2¢ Z:3_t’ z=m+t Z=2—3f’
2.3. Piéu kién dé hai duwong thing chéo nhau
Cho 2 duong thang
x=x,+1q x:x0+t,a1
d: yy=yy+iay, d": yy=y,+1q,
Z:Z()+t03 ZZZ(V)'FZ’CL::,
d va d’ chéo nhau < hai VTCP khong ciing phuwong va hé pt an t, t sau vo nghiém:
Xy tia =xy+1a
Yo +1a, = y;) +t'a'2 (*)
Zy t1ay =275 +1 a,

edlde=alad.
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Vi du 9: Ching to céc cip dudng thang sau chéo nhau:

x=1+2t x=1+3/ x=1-2¢ x=2f
a) d: y=—143t,d :{y=-2+2¢ b) d:iy=3+1r ,d :\y=1+¢
z=5+1 z=—1+27 z=-2-3t z=3-21
J: x32 yzl % d:xI7:y;3 zl
c) = d)
d,:izy—1=z+l d/:x—3:y 1=z 1
1 2 4 =7 2 3

BAI TAP
1. Viét phuong trinh tham sé cua duong thang d trong mdi tru’ong hop sau:
a) d di qua diém M(5; 4; 1) va c6 vecto chi phuong a=(2;-3;1);

b) ddi qua diém A(2; -1; 3) va vudng géc v6i mit phiang (o) ¢ phuong trinh
x+y—-z+5=0;

x=1+2t
¢) ddiqua diém B(2; 0; -3) va song song v6i dudng thing A:{y=-3+3t;
z=4t

, d) ddiqua hai diém P(l; 2;3)va Q(S; 4; 4). ’ 7
2. Viét phuong trinh tham s6 ctia duong thang 1a hinh chi€u vuoéng géc cuia duong thang d:
Xx=2+t

y=-3+2t
z=1+3t
1an luot trén cdc mit phang sau:
2 (Oxy) b) (Oyz).
3. Xét vi tri twong d6i cua cac cdp dudng thang d va d cho boi céac phuong trinh sau:
x =-3+2t X=5+t
a) didy=-2+3t va d:Jy=—1-4t
z="6+4t z=20+t
x=1+t x=1+2t
b) di{y=2+t va d:{y=—1+2t.
z=3—t z=2-2t

4. Tim a dé hai duong thang sau dy cit nhau:

X =1+at x=1—-t
d:y y=t vad:{y=2+2t.
z=—1+2t z=3—-1

5. Tim s6 giao diém cta dudng thang d véi mit phang (o) trong cdc trudng hop sau:
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x =12 +4t
a) d:{ y=9+3t va (a):3x+5y-z-2=0;
z=1+t
x=1+t
b) disy=2-t va (a):x+3y+z+1=0;
z=1+2t
x=1+t
c) dicy=142t va (a):x+y+z-4=0;
z=2-3t
x=-3+2t
6. Tinh khoang cdch gitta dudng thang A: {y=—-1+3t vi mit phang
z=—-1+2t
(a):2x—y+z+3=0.
X=2+t
7. Cho diém A(1; 0 ; 0) va duong thang A: {y =1+2t.
z=t

a) Tim toa do diém H 1a hinh chiéu vudng géc cua diém A trén duong thing A .
b) Tim toa d6 diém A" ddi xtng v6i A qua duong thing A .
8. Cho diém M(1; 4; 2) va mit phang (o ): x +y+z -1 =0.
a) Tim toa d6 diém H 12 hinh chiéu vudng géc cua diém M trén mit phéng (o).
b) Tim toa d6 diém M ddi xtng véi M qua mat phang (o).
¢) Tinh khoang cich tir diém M dén mat phiang (o).
9. Cho hai duong thang
x=1—-t x=1+t
d:{y=2+2t vad:Jy=3-2t.
z =73t z=1

Chirng minh d va d chéo nhau.
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ON TAP CHUONG
1. Cho bén diém A(-2; 6; 3), B(1; 0; 6), C(0; 2; -1), D(1; 4; 0).
a) Viét phuong trinh mit phang (BCD). Suy ra ABCD 12 mdt tir dién.
b) Tinh chiéu cao AH cua tit dién ABCD.
¢) Viét phuong trinh mit phang (o) chira AB va song song voi CD.
2. Lap phuong trinh tham s cua duong thang:
a) Di qua hai diém A(1;0; -3), B(3; -1; 0).
b) Di qua diém M(2; 3; -5) va song song v6i duong thing A c6 phuong trinh

X =-2+2t
y=3-4t
z=-5t

3. Cho mit phang (o) c6 phuong trinh 3x + 5y — z — 2 = 0 va dudng thang d ¢6 phuong
trinh
x=12+4t
y=9+3t
z=1+t.
a) Tim giao diém M cta dudng thing d va mit phing (o).
b) Viét phuong trinh mét phang () chtra di€ém M va vudng gbc véi duong thang d.
4. Cho diém A(-1; 2; -3), vecto a= (6;—2;—3) va duong thang d c¢6 phuong trinh:

x=1+3t
y=—-1+2t
z=3-5t.

a) Viét phuong trinh mit phang (o) chira diém A va vudng géc véi gid cua a.
b) Tim giao diém M cta d va (o).
¢) Viét phuong trinh duong thing A di qua diém A, vudng géc véi gid ca a va cit
duong thang d.
5. Tim toa d6 diém H 12 hinh chiéu vudng goc cua diém M(1;-1; 2) trén mat
phang (a): 2x —y 42z +11 = 0.
6. Cho diém M(2; 1; 0) va mit phing (a): x + 3y — z -27 = 0. Tim toa d6 diém M ddi
xung voi M qua (o).
7. Viét phuong trinh dudng thang A vudng géc voi mit phang toa do (Oxz) va cat hai
duong thang

X=t x=1-2t
di{y=—4+t vad:y=-3+t.
z=3-t z=4-5t
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PHAN PHOI CHUONG TRINH TOAN 6

Thoi gian (gi0)
S0 | Ten cdc bai trong hoc ph3 ; s | Kidm | TODE
TT g noC phan Ly Bai | Kiém &
thuyét tap tra
A | TOAN 6A: GIAI TICH 23 25 2 50
1 ChAu’O’nig, I Nguyén ham, tich 16 16 1 33
phan va ing dung
1. Phuong trinh mii va phuong 6
1A o 3 3
trinh 10garit
2. Bat phuong trinh mii va bat ) ) 4
phuong trinh 16garit
3. Nguyén ham 4 3 7
4. Tich phan 4 3 7
5. Ung dung cua tich phén trong 3 ’ 5
hinh hoc
6. On tap chuong I 0 3 3
7. Kiém tra 45 phiit 1 1
Chuong II: S6 phirc 7 9 1 17
1. S6 phirc 1 0 1
2 2. Cong , trir va nhén sb phirc 2 1 3
3. Phép chia so phtic 2 1 3
4.’ Phuong trinh bac hai voi hé ) 1 3
sO thuc
5. On tap chuong II 2 2
6.Kiém tra 45 phut 1 1
7.0n tap cudi ky 4 4
B | TOAN 6B: HINH HOC 10 14 1 25
CAhu'o’ng: PhAu’()'ng. phap toa 10 11 | 79
do trong khong gian
1 1. Phuong trinh mit phang 5 4 9
2.Phuong trinh duong thang 5 4 9
trong khong gian
3. On tap chuong 3 3
4. Kiém tra mot tiét 1 I

-37 -

il £

TR




« W5

LY T TROMNMG

B

Thot gian (g10)
50 Tén cdc bai trong hoc pha ) . .| Tong
TT g noc phan Ly Bai Kiém ¥
thuyét tap tra
2 On tap guéi nam 3 3
Tong cong 33 39 3 75

MUC LUC

PHAN A: TOAN 6A: PAI SO VA GIAI TICH
CHUONG I: NGUYEN HAM, TICH PHAN VA UNG DUNG
Bai 1: PHUONG TRINH MU VA PHUONG TRINH LOGAR

1. Phurong trinh M c.ccceeceineicnnsenccnsnccssssncsssasesssansesssssessssssssssssesssssssssasssssssssssssssssssssss

1.1. Phuong trinh mil CO DAN ....ceiiiiiiiiiiieiiieeiee et e

1.2. Céch giai mbt s6 phuong trinh mii don gian

2. Phuong trinh LOZArit ......cccieiciveecnnissncssancsssncssansssassssssssssessassssasssssssssasssssssssssssases

2.1. Phuong trinh [6Zarit CO DAN .......coouiiiiiiiiiieeee e

2.2. Céch giai mét sd phuong trinh 16garit don gian

Bai 2: BAT PHUONG TRINH MU VA BAT PHUONG TRINH LOGARIT......

1. Bit Phurong trNh Mill....eceeeeceececeecsencseeseseesesessssessessssessssessesessessessssessssessessssesssseses

1.1. Bat phuong trinh Ml CO DAN ...,

1.2. Mot s6 bat phuong trinh mil Gon GIAN ........v.veveeeeeeeeeeeeeeeeeee e,

2. BAt pPhrong trinh LOZATIL «..cucvceeeeeecrerecrerenesesessesesesessssesesssessssesessssessssessssssessssases

2.1.Bat phuong trinh 16Zarit CO DAN...........o.oveeveeieeeeeeeeeee e,

2.2. Mot s6 bat phwong trinh 16garit don gian

BAi 3: NGUYEN HAM ..oeeeeeeeeeeeeresevesesesssesssesessssssssssssssssssssssssssssssasasssssssssssssasssssssnes

1. Nguyén ham vA tinh ChAt ......cceeeceeeecncreecsensenesesesessssessssesessssessssesessssessssesessssesns

L1 NGUYEN NAML...ciiiiiiiie ettt st

1.2. Tinh chit cl1a NGUYEN NAML.......c..ovovivieeeeieeeeeeeeeeeeee e,

1.3. SUr tON tai NEUYEN NAM .....vovoeeeeeeeeeeeee e,
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1.4. Bang nguyén ham ctia mot $O hAm SO CAP.......o.ovevveeeeeeeeeeeeeeeeeeee e, 7
2. Phuwong phap tinh nEUYEN NAIMN ......ccceeerreiencencncancssanessneesancssancssasesasessassssassssssssases 7
2.1. Phuong phap @01 BIEN SO .......vuveeeeeeeeeeeeeeeeeeeee e, 7
2.2. Phuong phap tinh nguyén ham ting PRAN ..o 7
Biti 4: TICH PHAN.......ooueeureereeeeseessessessesssssssssssssssessessesssssssssssssessessessessessessasssssssesss 9
1. Khai niém tich Phan ......cceicneinnninniinnnicnneiensniensscssscssscssasessassssasssssssssssssasessassssas 9
1.1. Dién tich hinh thang CONG........ccooiiiiiiiiiiiie e 9
1.2. Dinh nghia tich Phan..........ccooiieiii e 10
2. Tinh cht clia tich PRAN e..u.uececeeececrncrercsesesesesesessssesessssessssssessssessssssesssesssseses 10
3. Phuwong phap tinh tich PRAN.......ceiceicneicneicneicnsinnncssasesssscssssesssssssssssasessasessas 10
3.1. Phuong phap @01 DIEN SO ........vvveeeeeeeeeeeeeeeeee e, 10
3.2. Phuong phdp tinh tich phan tng Phan............ccoeveeveeeeveeeeeeeeeeeeeeeeeeee e, 10
Bai 5: UNG DUNG CUA TICH PHAN TRONG HINH HOQC .....cvvuerrcreenrensenne 14
1. Tinh dién tich hinh PRANG.......ccecereeererereresesessesesessesesesesessessssssessssessssssesessesens 14
1.1. Hinh phang gi6i han boi mot dudng cong va truc hoAnh............cveevveceveeeeeennans 14
1.2. Hinh phang gidi han boi hai GUONE CONG .....vvveeeeeeeeeeeeeeeeeeeee e 14
2. THNN thé tHCR e.vuceeeueeuesressesssssessessessessesssssssssessessssessssssssssssssessasssssssssessessassessasssosss 15
2.1. Thé tich CUA VAL th.......ov.oveeeeeeeeieeeeeeeeeee e 15
2.2. Thé tich khdi chép va Khdi ChOP CUL ..., 15
3. Thé tich ciia Khoi tron X0AY c....ueesesssssssssssssssssssssssssssssssnssssssssssssnssssssssssssnsnss 16
ON TAP CHUONG L eeerrrrrsssssssssssssssssssnsssssssssssssssssssssssssssssssssssssssssssssssssssss 18
Chuong I1: SO PHUTC ......coceeeereeeeeeaesesesessssssssssssesesssssssssssssssssssssssssssssssssssssssssssns 19
Bai 1: SO PHUC ...oeeeeeereerrensenssssessessesssssssssssssssessessessesssssssssssssessssssessesssssssassasses 19
Lo S0 Tt 19
2. DINh NGNTA SO PRTC ... 19
3. SO PIC DANG NNAU <., 19
4. Biéu dién hinh DOC SO PRTC ... 19
5. MOAUN CUA SO PRIC. ......voeeeeeeeeeeee e 19
6. SO PITC TN P ... 20
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LE
Bai 2: CONG TRU VA NHAN SO PHUC....ccccumrcumscsnssecnnsscssssscsssssesssasssssanse 21
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